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Abstract--In this paper the author puts forward several rigorous quantitative counterexamples about 
Saint-Venant's Principle in three cases: (1) lower semiplane, (2) (circled) disc and (3) lower semispace. 
These counterexamples show that Saint-Venant's Principle cannot be always true if existing concentrated 
loads. Then the author points out that couples of second order or higher order (even some first order 
function moments other than couples) should not be neglected in elasticity. The author introduces simply 
Robinson's work about Saint-Venant's Principle and points out that Toupin's intuitive counterexamples 
about Saint-Venant's Principle in 1964 are not completely rigorous. 
1. INTRODUCTION 
The purpose of this paper is to give several rigorous quantitative counterexamples about 
Saint-Venant's Principle that was stated in Love [1] as follows: 
"According to this principle, the strains that are produced in a body by the 
application, to a small part of its surface, of a system of forces statically equivalent 
to zero force and zero couple, are of negligible magnitude at distances which are large 
compared with the linear dimensions of the part", 
in Roseman [2] as follows: 
and in 
"Saint-Venant's Principle states that if two statically equivalent stress distributions 
are consecutively applied to Y~, a portion of the surface of an elastic body B, and 
has typical dimension h, then the stresses and strains produced at a point in B whose 
distance from Y~ is large compared to h will be approximately the same" 
Robinson [3] as follows: 
"Saint-Venant' original principle, which was verified by him experimentally in certain 
cases, asserts that the stresses due to a local distribution of loads which are in static 
equilibrium are negligible at any distance from the loaded region which is sufficiently 
large compared with the dimensions region." 
Essentially the above three statements are the same. We state now clearly about Saint-Venant's 
Principle as follows (refer to Fig. 1): 
"IfA is a point on F which is the surface of an elastic body D, and S(A, h) is a sphere 
with its centre at point A and radius h, and F, a distribution of load which is statically 
equivalent to zero force and zero couple, is applied to F c~S(A, h), and P is a point 
in D, the length of AP is denoted by L, thus, if the ratio h/L tends to zero, then the 
stresses and strains produced by F at the point P will tend to zero also; in more 
mathematical language: for any E > 0 there is 6 > 0 such that the absolute values of 
stresses and strains produced by F at point P are less than e whenever I h/LI < 6." 
In the following three sections we shall successively construct several counterexamples about he 
Principle. 
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2. COUNTEREXAMPLES IN THE LOWER SEMIPLANE 
Firstly we introduce an auxiliary function as follows: 
~a(1 - -  X2/(.2) n, 
l.,,(x) = (0, 
where e > 0 and the constant a is chosen such that 
i.e. 
Ixl~E, 
Ixl>E, 
f +~ 61..,(x) dx = 1, 
- -  oD  
(1) 
(2) 
n 
2aE ~ ( -  1)kC"k/(2k + 1) = 1. (3) 
k=0 
For examples we have a = 3/(4Q when n = 1, and a = 15/( l&) when n = 2. 
Suppose an elasticity body is in the lower semiplane and given distributions of  external oads 
along Ox axis are as follows: 
ay=N(t)  and T=T( t ) ,  (4) 
where t is on the Ox axis. Therefore applying the method of  Muskhelishvili [4] we may obtain the 
following solutions: 
¢'(z) = - - -1  f+~ N(t)-iT(t) dt, (5) 
2rti .~_  t z 
q'(z) = lf+®T(t) dt z f +®N(t)-iT(t) 
-n  _ t------z +~m'  _ ~- -~ dt, (6) 
o x + try = 4 Re ~(z),  (7) 
trr - tr x + 2iz = 2{e~'(z)  + ~(z)}. (8) 
Counterexample 1 
Suppose now the distributions of  external oads are as follows: 
T(t) = 0 and N(t) = M26 l'~'.,(t)/2, M2 > 0, (9) 
(refer to Fig. 2); these are statically equivalent to zero force and zero couple, but the corresponding 
couple of  second order is 
~ t2N(t) dt = M2 ~ O. (10) 
Substituting (9) into (5) and (6) we obtain 
e(z )= M2 
"t- A I (Z ;  E), 
where 
( l l )  
-M2 f~ t[3(t-- z)2-- 3t(t--  z )+ t 2] 
Al(z; E) = 2--~z~ , di 12,,(t) (t - - z )  3 dt, (13) 
A2(z', E) = 2niz 33M2 f~ , t~ 12, (t) tit3 - 4t2(t - z) +(t 6t(t_ z) 4- z) 2 - 4(t - z) 3] dt. (14) 
Let Qa be a rectangle: I x I < 2p, - /~ < y ~< 0. In this counterexample suppose 1 t>/14 ~, E > 0. 
3M2 
~(z) = ~ + A2(z; E), (12) 
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Fig. 1 
Note z = x + iy. And let z = r e ~°. From (11)-(14), (7) and (8) we obtain 
3M2 
= ~ (cos 50 - cos 30) + z,, (15) 
3M2 5M2 
ay = ~ sin 50 - ~ sin 30 + ay,,, (16) 
where 
-3M~ 3M~ 
o~ = ~ sin 50 + ~ sin 30 + Ox.,, 
-< 45M2E 45M2~ 
I~el~ n--n--ff~- ~< ~/~-------7-, 
(17) 
(18) 
~< 52M2E 52M2E 
Ioy.,I, Iox.,I n[3r 3 <<. nil-----T-, 
if z is outside Qp. 
Especially when z = - i ,  i.e. r = 1 and A = -n/2,  we have 
2M2 
7[ 
(19) 
-4M~ 
try= +oy.,, 
= z,. (20) 
At this point, when ~ = 1/52 we have Ioyl ~ 3M2/~, therefore oy is not negligible if so is Me. 
Furthermore from (15)-(17) we see the fact that ~, ay and Ox are generally not negligible at a point 
z = r e ~ if M2 has the same magnitude as r 3. Obviously Saint-Venant's Principle cannot be applied 
to the distributions (9) of normal external loads, and cannot be proved. 
Counterexample 2 
Suppose now the distributions of external loads are as follows: 
N(t)=O and T(t)=M61~.,(t), M>0 (21) 
(refer to Fig. 3); these are statically equivalent to zero force and zero couple. Substituting (21) into 
(5) and (6) we obtain 
O(z) = ~ + Al(Z; E), (22) 
-M  f' t[(t - z )  2-2t ( t - z )+ t:] 
• '(z) ---- ~ .J- 61,,,(t) (t -- z) 3 dr, (23) 
t 
732 C .G .  HUANG 
A I i 
Fig. 2 
0 
-E "1"~1 ] 
Fig. 3 
t it_ 
where 
M f '  . . [2 t (z - t )+t  2] 
A,(z; e) = 2--~z 2 61,,,it) -(t - -z~ -( dt, (24) 
satisfying the following inequalities (if z is outside Qa): 
3Me 3Me 
IA,(z; e)l ~< 2--~r2fl ~< 2nil------ 5, (25) 
4Me 4Me 
I ~(z) l  ~< ~r2----~ = n/3---r. (26) 
From (7), (8), (22)-(24) we have 
M sin 40 
+ ~,, (27) 3- -  
7tr 2 
M 
O'y = - -  ( - -COS 40 + cos 20) + o'y.c, (28) 
/~r 2 
M 
ax = - -  (cos 40 + cos 20) + a~,, (29) ~r2 
where (if z is outside QB) 
11 Me 11 Me (30) 
14Me 14Me (31) 
lax.,I, I%,,I ~< n--~--ff = ~/~3 • 
Especially when z = - i ,  i.e. r = 1 and 0 = -n /2  we have 
2M 
ax = Ox.,; z = z,; % = - - -  + try.,. (32) 
At this point, when e = 1/14 we have layl ~ M/n, therefore the corresponding stress tensor is not 
negligible if so is M. Obviously Saint-Venant's Principle is not true for the distributions (21). In 
this example a function moment of first order of T(t) 
;~ tT(t) dt = -M ~ O. 
c 
(33) 
So we see a fact that influences of first order function moments, which are different from couples, 
of  distributions of external oads are also not negligible. 
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3. COUNTEREXAMPLES IN A D ISC 
Firstly we introduce another auxiliary function as follows: 
where ¢ > 0. 
6 2,(x) = 
tO, x < -G  
2(x + E)2/E 3, --E ~< x < -E /2 ,  
1/¢ - 2X2/E 3, -¢ /2  ~< x < ¢/2, 
2(x - ¢)2/¢3,  ¢/2 ~< x < ¢, 
O, ¢ ~< x, 
(34) 
Suppose an elasticity body is a circular disc fl with its centre at the origin O and radius R. Let 
F denote the boundary of  t). Suppose distributions of  external oads along F are as follows: 
d 0U 
X.(s) = ds Oy 
-dOU 
r.(s) = d--s- ~--~-' (35) 
where s is the arc length on F started from Ox axis. Then applying the method of  Muskhelishvili 
[4] we have the following formulae: 
OU OU 
f l (x, y)  = -~x + i ~y ,  (36) 
G + try = 4 Re ~b'~(z), (37) 
try - tr x + 2iz = 2{e~b~'(z) + ~(z )} ,  (38) 
where z = x + iy. Applying the transformation 
z = R(, (39) 
f~ is mapped onto a unit circle whose boundary is y: I~1-- 1, and we have 
4,(~) = 4,,(R~); ~' (0  = ¢,~(R~), (40) 
fo r )  =ft (x ,  y), z = Ra, (41) 
where a = e ~° stands for a point on y, and finally we have 
1 f. f(o) do - a,( - 2a2. (42) 
a ,=t~,=~ '7  ' (43) 
1 f f(a) do, (44) a2=  L- 
1 f f(o) ~'(~) ~k (~) = ~ni ~, ~ da - - -~- -  + a,/~ - ~b(O). (45) 
Counterexample 3 
Suppose now the distributions of  external oads on F are as follows: 
X,(s) = -262~'(s - Rn); Y,(s) = O, 2 > 0 (46) 
(refer to Fig. 4); these are statically equivalent o zero force and zero couple, but the corresponding 
second order function moment  is 
f 3,R/2 s2X,(s) ds = -22  ~ 0. (47) - xR/2 
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Let B be a point in z-plane, B = -R  + i0, and B'  a point in if-plane, B'  = - 1 + i0, and [3 a 
real number  satisfying 0 < [3 ~< 1, and Q (B',/3) a domain in ~-plane: I~ - B' I  < 2[3, I~ I ~< 1 and 
1~1 > 1 - [3, and Q(B,  [3) a domain in z-plane mapped from Q(B ' ,  [3) by (39). 
Substituting (46) into (35) and (36) we obtain f~(x, y), then substituting f~(x, y)  into (41)-(45) 
we obtain 
where ¢l = E/R, cr = e i°, and 
~(~) = ~ 
2rtR2(1 + if)2 
). 
at = 47tR 2 F A~(~), 
f (a )  = -- M6 2;.(0 -- zt)/R 2, (48) 
2~" 2). 2 
4nR 2 rcR 2 Al((h)~ - 2 ,42(q) -  ~ oq(~; q), (49) 
(50) 
2 
a2 = ~r  2 + A2(E,), (51) 
where 
¢(~) - rtr2(1 ..]_ ~)2 7TR2(1 + ~)3 + ~2 ~1(~; ~71) "~ o~2(ff; ~71) - -  (/l(0). (52) 
-- 62, ,(~) e -i¢ d~ d~, (53) AI(A)  4nR2 ,, 
62~,(~)[e -2'~ - 1] d~, (54) A2(EI) = ~ ,i 
f' -e'¢) ~1(~; q) = 62q(~) d~ d~, (55) (e ~ + 0 3 Cl 
62,,(00 + 5~ e '~ + 4~ 2 + ~3 e-,~ d~ d~. (56) 
a2(~; El) = 2,rR 2 q (ei~ + ¢)4 
Let now z + R = p e ~°~, - rc/2 ~< o9 ~< rt/2, we obtain 
2 
z =nP  3 {-3  sin 3o9 + (p /R)s in  4o9 -3  sin 5o9} + r,,, (57) 
). 
crx = - -  {½(p/R) 3+ (p /R)  cos 2o9 - 5 cos 3co + (p /R)  cos 409 3 cos 5o9} + a~,,, (58) ~p 3 - -  , 
2 
ay = - -  {½(p/R) 3+ (p /R)  cos 2o9 + cos 3co - (p /R)  cos 4co + 3 cos 5co} + %,,,, (59) zrp 3 
where 
I~,~1 ~ 35).£1/(~R3135), 
[ax.q[, lay.q[ ~< 83).El/(2nR3135), 
if z is outside Q(B,  [3). 
Especially when z = 0, i.e. p ---R and co = 0, we have 
o" x = - 11)./(2rcR 3) + ax,,,, 
ay = 92/(2nR 3) + •,q, 
T ~--- "t'cl ,
where 
(60) 
(61) 
(62) 
(63) 
(64) 
I~x.,,I, I~y,,~l, I%1~< 83¢12/(2nR3). (65) 
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Yn(8) ? 
Fig. 5 
X 
A 
If R = 1 and E = 0.06 we have Icr~l ~ 62/(2n), therefore the corresponding stress tensor is not 
negligible if so is 2. This means also that Saint-Venant's Principle is not true for the distributions 
(46). We see again the fact that influences of  second order function moments of  distributions of  
external oads are not negligible. 
Counterexample 4 
Suppose now the distributions of  external loads on F are as follows (refer to Fig. 5 and Fig. 3): 
X,(s) = 0; Y.(s) = 26 l'~,,(s - Rn), 2 > 0, (66) 
these are statically equivalent o zero force and zero couple, but the corresponding first order 
moment  
rSY,(s) ds = -2  # 0. (67) 
Substituting (66) into (35) and (36) we obtainf~(x, y), then substitutingf~(x, y) into (41) we have 
f (a)  = -- 261.,,,(0 - rQ/R, (68) 
where El = E/R, a = e ~° and z = Ra. Similarly we have 
ax = - 2/(27rR 2) + 1 cos 2co/(Trp 2) + 2 COS 4col(rip 2) + ax,,,, (69) 
try = -- ~,/(2nR 2) + 1 cos 2co/(Trp 2) - -  2 COS 4co/(7rp 2) + ay.q, (70) 
= (2~(rip2)) sin 4<o + %, (71) 
where (if z is outside Q(B, #)) 
I~ql ~< 172EJ(2nR2f14), (72) 
lax. J ,  Io'y.,,I ~< 1 l~.Q/(TrR2fl4). (73) 
Especially when z = 0, i.e. p = R and co = 0, we have 
ax = 32/(27tR 2) + ~x,q, (74) 
uy = - 2/(2~tR:) + ~y.,,, (75) 
z = ~,t' (76) 
where 
I~,,I, I~x,,,I, [ay, ql~llEl2/(~R2) • (77) 
If R = 1 and E -- 1/22, we have ax/> 2/n, therefore the corresponding stress tensor is not 
negligible if so is 2. This means also that Saint-Venant's Principle is not true for the distributions 
(66). We see again the fact that influences of first function moments, which are different from 
couples, of distributions of external loads are also not negligible. 
C.A,M.W.A, 18/8-'-D 
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4. A COUNTEREXAMPLE IN  THE LOWER SEMISPACE 
Firstly we introduce an auxiliary function as follows: 
6 3.,,(x, y) = ~((n + 1)/(rc,2))(l -- r2/,2) ", r <~ ,, (78) 
to -  E <r,  
where  r 5 = x 2 + yS. 
Suppose an elasticity body is in the lower semispace, which is denoted by z > O, a given 
distribution of normal external loads in the plane z = 0 is as follows: 
02 
f (¢,  q) = ~5 632.,(¢, q), (79) 
where (~,)7) is on the plane z = 0. This distribution is statically equivalent o zero force and zero 
couple, but the corresponding second order function moment 
t" t" 05 
I [ x2~..263z,(x,y)dx dy =250.  (80) 
From the study of  Boussinesq [5] we have 
u(x, y, z) = 
v(x, y, z) = 2nE 
w(x'Y'Z)=(l+v------~)2rcE f f J (x 'y 'z ;  ~,~/)f(~,r /)d~ dr/, (81) 
where u, v, w are displacements of  the elasticity body, E denotes Young's modulus, v denotes 
Poisson's ratio, and 
H(x, y, z; ~, r/) = z/R + r2z/((1 - 2v)R 3) - 1, 
J(x, y, z; ~, r/) -- z2/R 3 q- 2(1 - v)/R, 
r = ((x - ~)2 + (y _ r/)2)1/2; ro = (x 2 + y2)=/2, 
R = (r 2 + z2)1/2; Ro = (r 2 + z2) 1/2. (82) 
For convenience we introduce auxiliary functions as follows: 
1-  2v { x 5+z 2 y5 ) 3x5z 
Nx(x, z) 2rt \R3-o-o(l~o+Z) R2(~-~o+ z)~_ 2~tRSo, (83) Y, 
1 --2v { y2+___z2 x 2 ) 3y2z 
Ny(x,y,z)= 2 ~.R](Ro+z) R](Ro-+Z) 2. 2nRg' (84) 
3z 3 
N~(x,y, z) = 2nR~' (85) 
( 1 1)3xyz  Nxy(X, y, z) = (1 - 2v)xy (Ro + 2rt z)R3 ° -t R2(1~+ z) ~ 2rtR~' (86) 
3yz2 (87) 
Nyz(x, y, z) = 2nRg' 
3xz 2 
Nxz(x,y, z) = 2nR05. (88) 
Let Qo be a cylindrical domain: r0 < 2fl, 0 ~< z < r ,  fl ~, e > 0. From (81) we can obtain the 
following results: 
a~ = O2Nx(X, y, z )  + tr . . . .  (89) 
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where 
and 
~r,, = O~Nx(x, y, z)  + ~r,,.,, 
~rz = O~Nx(x, y, z) + ~rz.,, 
~xy = d2xN.,,y(x, Y, z) + axy.,, 
"re:, = d2xNyz(X, y, z)  + aye.,:, 
"rxy = c3]Nx:`(x, y, z)  + a ..... 
ox,= ffa32,,(¢, n)t,VxNx(X-¢,y -~ l , z ) -d~Nx(x ,y ,z ) ]d~ 
(90) 
(91) 
(92) 
(93) 
(94) 
(95) 
ay., = . . .  (96) 
If (x, y, z) is outside QB, then we have the following estimates: 
2lIE 
lax,, ] <~ nil-- T ,  (97) 
263E 
l a,,, I ~< -~,  etc. (98) 
Especially when (x, y, z) = (0, 0, 1) we have 
trx = d~xNx(0, , 1) + trx, = - 27/(8n) + 3v/(4n) + a .... (99) 
a, = O~N:`(0, , 1) + as., = 15/(2n) + a .... (100) 
When E = 0.0285, we may observe a:` as a tensile stress. This means that Saint-Venant's Principle 
is also not true for the distribution (79) whose second order function moment is also not negligible. 
5. SOME REMARKS 
Saint-Venant's Principle was brought up by Saint-Venant, a famous specialist of mechanics in 
France, during 1853-1855 [6], and spread far and wide later. In most of the books on elasticity 
it is stated as a basic principle and widely applied. 
The influence of this principle was clearly described by yon Mises [7]: "The so-called principle 
of statically equivalent loads, due to Saint-Venant, has been referred to for the last fifty years in 
almost all texts on elasticity", and by Qian [8]: "Generally speaking, engineers merely know 
what force T and couple M are applied to the centre of gravity on the surfaces of two ends, but 
little attention has been paid to concrete distribution of the force and the couple." No sooner had 
Saint-Venant's Principle been widely applied to construction work than its reliability was paid 
attention to. Heated discussions on the problem have been going on since then. Von Mises wrote: 
"we shall see that Saint-Venant's Principle in its tranditional form does not hold true." Many other 
people had tried to give a rigorous proof to the principle of elasticity, among whom were 
Boussinesq [5] and Sternberg [9]. In 1956, Qian wrote: "The rigorous proof of Saint-Venant's 
Principle is not given yet" [8], and in 1954 Muskbelishvili [4] wrote: "It is difficult to find a 
mathematical foundation for Saint-Venant's Principle, at least it is so in general ease." Especially 
in 1959, Truesdell [10] wrote: "This idea, generalized as Saint-Venant's Principle of equipollent 
loads', led to a major problem in linear elasticity, for such a result, if true, must be a mathematical 
consequence of the general equations", and he pointed out that some papers were "supporting the 
conjectured principle but not illustrating the mathematical difficulty of this still open problem." 
Afterwards ome prominent specialists in mechanics and engineers, at home and abroad, from 
their own experience, have realized that Saint-Venant's Principle is not always correct, please refer 
to Toupin's intuitive counterexamples [11] in which Toupin wrote: "It seems reasonable to require 
that any quantitative treatment of Saint-Venant's embrace these qualitative, intuitive observa- 
tions." 
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Finally we are about  to state two points of view as follows. 
(1) Suppose there is not any concentrated load, for an important and wide case of  applied 
elasticity, Robinson [3] gave a rigorous proof  of  Saint-Venant's Principle in its traditional form. 
We introduce it simply as follows: 
" . . . ,  we consider a one-parametr ic family of  finite elastic bodies B(t )  defined for 
t > 0 such that B(tl) is part of  B(t2) for t~ ~< t2 and such that there is an area, Q, which 
is common to the surfaces of all the B(t) .  For example, B(t )  may be a prismatic bar 
whose generators are parallel to the x-axis with bases at x = 0 and x = t, while Q 
is the base at x = 0." [Note: Toupin 's  [11] bar of  his Fig. 1 is a special case of B(t).] 
"9. 7.15 Theorem. I f  B(t )  defines a family of  bodies as detailed and P is any infinite 
point in the S-interior of  some body B(to) for infinite to then the strains and stresses 
at P due to a standard self-equilibrating load distribution on Q, are infinitesimal." 
"9. 7.16 Theorem (Standard). Let B(t )  be a family of elastic bodies as detailed, and 
let • be a specified load on Q, which is in static equilibrium. For  any E > 0 and 6 > 0 
there exists a positive R0 = R0(E, 6) such that for any member  B(to) of the family, 
and any point P whose distance from the surface of B(to) is greater than E, and whose 
distance from Q is greater than R0, the stresses at P are smaller in magnitude than 
6. There is a corresponding result for strains." 
Any one can see that see that Robinson's  proof  is quite rigorous. However Toupin 's  intuitive 
bar counterexample of Fig. 1 for Saint-Venant's Principle satisfies just the conditions of  Robinson's  
Theorem 9.7.16, so the bar should mostly obey Saint-Venant's Principle. Therefore Toupin's  
counterexample of  Fig. 1 is not completely rigorous. 
(2) Suppose there are concentrated loads, in the earlier papers [12, 13] and in this paper, the 
author provides several r igorous and quantitative, as Toupin required, counterexamples for 
Saint-Venant's Principle. F rom those counterexamples we see the fact that second or higher order 
function moments,  even some first order function moments other than couple, of  the distributions 
of  external oads to a elasticity body cannot be neglected, if the external oads are concentrated. 
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